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A formula for the Josephson current between two superconductors with anisotropic pairing sym-
metries is derived based on the mean-field theory of superconductivity. Zero-energy states formed
at the junction interfaces is one of basic phenomena in anisotropic superconductor junctions. In the
obtained formula, effects of the zero-energy states on the Josephson current are taken into account
through the Andreev reflection coefficients of a quasiparticle. In low temperature regimes, the for-
mula can describe an anomaly in the Josephson current which is a direct consequence of the exsitence
of zero-energy states. It is possible to apply the formula to junctions consist of superconductors
with spin-singlet Cooper pairs and those with spin-triplet Cooper pairs.
PACS numbers: 74.80.Fp, 74.25.Fy, 74.50.+r
I. INTRODUCTION
The discoveries of the high-Tc superconductors
1 have
stimulated an intensive research in this field. A sym-
metry of a Cooper pair is an important information
to understand the mechanism of high-Tc superconduc-
tivity. The Josephson effect in anisotropic supercon-
ductors has attracted considerable interst in recent
years because high-Tc superconductors may have the
dx2−y2-wave pairing symmetry
2,3. So far, transport
properties in various junctions of the d-wave super-
conductors have been discussed in a number of stud-
ies4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20. In anisotropic su-
perconductors, a sign of the pair potential depends on a
direction of a quasiparticle’s motion. As a consequence,
zero-energy states (ZES’s)21 are formed at the normal
metal/ superconductor (NS) interface when the poten-
tial barrier at the interface is large enough. The ZES’s
have been seen in the conductance spectra of tunnel
junctions22,23. It is known that the ZES’s cause a low-
temperature anomaly of the Josephson current in SIS
junctions of the d-wave superconductor9,10.
The anisotropic superconductivity itself has been an
important topic in condensed matter physics since uncon-
ventional superconductivity was found in heavy-fermion
materials such as, CeCu2Si2, UBe13 and UPt3
25,26,27. In
a recent study, the anisotropic superconductivity was re-
ported in a layered perovskite Sr2RuO4
28. Some of in-
teresting effects of the anisotropy in the pairing sym-
metry on Josephson current are revealed in previous
work29,30,31. However, in order to study the contribu-
tion of the ZES’s to the Josephson current, we have to
pay careful attention to a boundary condition of a wave-
function at the junction interface32. Thus an expression
of the Josephson current that describes the effects of the
ZES’s is desirable to study an aspect of transport proper-
ties in anisotropic supercondutor junctions. So far, such
formular for the Josephson current is obtained in SIS
junctions of dx2−y2 superconductors
10. However there is
no general fomula which can be applied to junctions of
spin-triplet superconductors.
In this paper, we derive a formula for the Joseph-
son current in junctions of anisotropic superconductors
with spin-singlet and spin-triplet Cooper pairs. The re-
sults are an extension of the Furusaki-Tsukada formula
for s-wave superconductor junctions33. Effects of the
ZES’s on the Josephson current is naturally taken into
account in the obtained formula through the Andreev
reflection35 coefficients (ARC’s) of a quasiparticle. The
low-temperature anomaly in the Josephson current is de-
scribed by the dependence of the ARC’s on temperatures.
Throughout this paper, we take the units of h¯ = kB = 1,
where kB is the Boltzmann constant.
This paper is organized as follows. In Sec. II, we derive
the Josephson current formula based on the mean-field
theory of superconductivity. In Sec. III, the formula is
applied to junctions of superconductors with spin-singlet
and spin-triplet Copper pairs. The conclusion is given in
Sec. IV.
II. JOSEPHSON CURRENT FORMULA I
Let us consider SNS junctions as shown in Fig. 1, where
the length of the normal metal is LN and the cross section
of the junction is SJ . The (BCS) Hamiltonian in the
mean-field approximation reads
HMF =
1
2
∫
dr
∫
dr′
[
c˜†(r)δ(r − r′)hˆ0(r′)c˜(r′)
− c˜t(r)δ(r − r′)hˆ∗0(r′)
{
c˜†(r′)
}t
+ c˜†(r)∆ˆ(r − r′){c˜†(r′)}t
− c˜t(r)∆ˆ∗(r − r′)c˜(r′)
]
, (2.1)
hˆ0(r) =
[
−∇
2
2m
+ V0(r)− µF
]
σˆ0 + V (r) · σˆ, (2.2)
c˜(r) ≡
(
c↑(r)
c↓(r)
)
, (2.3)
where cσ(r) is the annihilation operator of an electron
at r with spin σ =↑ or ↓, {c˜(r)}t is the transpose of
2Eq. (2.3), σˆ0 is the unit matrix of 2 × 2, and µF is the
Fermi energy. Spin-independent potential is represented
by V0(r) which includes the barrier potential at the two
NS interfaces given by Vb {δ(z) + δ(z − LN)}. Spin-orbit
scattering in the normal metal is denoted by V (r) · σˆ. A
pair potential between an electron with (σ, r) and that
with (σ′, r′) is described by ∆σ,σ′(r− r′). In the normal
segment (0 < z < LN ), the pair potential is taken to be
zero. In what follows, 2×2 matrices are indicated by ·̂ · ·.
The pair potential is given by
∆ˆ(r) =
{
id0(r)σˆ2 singlet
i(d(r) · σˆ)σˆ2 triplet ,
(2.4)
where σˆj with j = 1, 2 and 3 are the Pauli’s matrices.
The pair potential satisfies a relation
−∆ˆt(r′ − r) = ∆ˆ(r − r′). (2.5)
The Hamiltonian in Eq.(2.1) is diagonalized by the Bo-
goliubov transformation,[
c˜(r)
{c˜†(r)}t
]
=
∑
λ
[
uˆλ(r) vˆ
∗
λ(r)
vˆλ(r) uˆ
∗
λ(r)
] [
α˜λ
{α˜†λ}t
]
, (2.6)
HMF =
∑
λ
α˜† Eˆλ α˜λ, (2.7)
Eˆλ =
[
Eλ,1 0
0 Eλ,2
]
, (2.8)
where
α˜λ ≡
(
αλ,↑
αλ,↓
)
, (2.9)
denotes the annihilation operator of a Bogoliubov quasi-
particle. The wavefunctions satisfy the Bogoliubov-de
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FIG. 1: The SNS junction of anisotropic superconductors is
illustrated. The phase of the pair potential on the left (right)
superconductor is ϕL (ϕR).
Gennes (BdG) equation36,
∫
dr′
[
δ(r − r′)hˆ0(r′) ∆ˆ(r − r′)
−∆ˆ∗(r − r′) −δ(r − r′)hˆ∗0(r′)
]
×
[
uˆλ(r
′)
vˆλ(r
′)
]
=
[
uˆλ(r)
vˆλ(r)
]
Eˆλ. (2.10)
When the wavefunction
[
uˆλ(r)
vˆλ(r)
]
, (2.11)
is belonging to a positive eigenvalue Eˆλ, the wavefunction
[
vˆ∗λ(r)
uˆ∗λ(r)
]
, (2.12)
is belonging to −Eˆλ. They satisfy the following relations
∫
dr
{
uˆ†λ(r)uˆλ′(r) + vˆ
†
λ(r)vˆλ′ (r)
}
=δλ,λ′ σˆ0, (2.13)∫
dr
{
uˆ†λ(r)vˆ
∗
λ′ (r) + vˆ
†
λ(r)uˆ
∗
λ′(r)
}
=0ˆ, (2.14)∑
λ
′ {
uˆλ(r)uˆ
†
λ(r
′) + vˆ∗λ(r)vˆ
t
λ(r
′)
}
=δ(r − r′)σˆ0,
(2.15)∑
λ
′ {
uˆλ(r)vˆ
†
λ(r
′) + vˆ∗λ(r)uˆ
t
λ(r
′)
}
=0ˆ, (2.16)
where
∑
λ
′
is a summation over λ with positive eigenval-
ues. The local charge density is defined by
P (r, t˜) = −e c˜†(r, t˜) c˜(r, t˜), (2.17)
where t˜ is a time. The current conservation low implies,
∂
∂t˜
P (r, t˜) +∇ · J(r, t˜) = 0. (2.18)
The Josephson current between the two superconductors
is calculated from the expectation value of Eq. (2.18)
3J(r) =
e
4mi
lim
r′→r
(∇r′ −∇r)T
∑
ωn
Tr Gˇωn(r, r′), (2.19)
Gˇωn(r, r′) =
∑
λ
′
[[
uˆλ(r)
vˆλ(r)
] [
iωnσˆ0 − Eˆλ
]−1 [ uˆλ(r′)
vˆλ(r
′)
]†
+
[
vˆ∗λ(r)
uˆ∗λ(r)
] [
iωnσˆ0 + Eˆλ
]−1 [ vˆ∗λ(r′)
uˆ∗λ(r
′)
]†]
, (2.20)
where T is a temperature, Gˇωn(r, r′) is the Matsubara Green function of the SNS junctions and ˇ· · · indicates 4 × 4
matrices. On the derivation of Eq. (2.19), we have assumed that the amplitude of the pair potential is much smaller
than the Fermi energy µF .
In the superconductors, we assume that the all potentials are uniform. Thus the BdG equation in Eq. (2.10) is
given in the Fourier representation, [
ξkσˆ0 ∆ˆ(k)
−∆ˆ∗(−k) −ξkσˆ0
] [
uˆk
vˆk
]
=
[
uˆk
vˆk
]
Eˆk, (2.21)
where ξk = k
2/(2m)− µF and
∆ˆ(r − r′) =
∑
k
∆ˆ(k) eik·(r−r
′), (2.22)
∆ˆ(k) =
{
id0(k)σˆ2 singlet
i(d(k) · σˆ)σˆ2 triplet
. (2.23)
Since relations
d0(−k) =d0(k), (2.24)
d(−k) =− d(k), (2.25)
are satisfied in the momentum space, one finds
−∆ˆt(−k) = ∆ˆ(k). (2.26)
When z < z′ ≤ 0, the Green function can be calculated as
Gˇωn(r, r′) = −imωn
∑
p
χp(ρ) χ
∗
p(ρ
′)ΦˇL
×
[{(
uˆe+
vˆe+
)
Kˆp(k
e
+, z) +
(
uˆh+
vˆh+
)
Kˆp(k
h
+, z)aˆ1 +
(
uˆe−
vˆe−
)
Kˆp(−ke−, z)bˆ1
}
Kˆp(−ke+, z′)
(
ke1,+ 0
0 ke2,+
)−1
Ωˆ−1+
(
uˆe+
vˆe+
)†
+
{(
uˆh−
vˆh−
)
Kˆp(−kh−, z) +
(
uˆe−
vˆe−
)
Kˆp(−ke−, z)aˆ2
(
uˆh+
vˆh+
)
Kˆp(k
h
+, z)bˆ2
}
Kˆp(k
h
−, z
′)
(
kh1,− 0
0 kh2,−
)−1
Ωˆ−1−
(
uˆh−
vˆh−
)†]
× Φˇ∗L, (2.27)
with
kel,± =
√
2m(µF − ǫ(p) + iΩl,±), (2.28)
khl,± =
√
2m(µF − ǫ(p)− iΩl,±), (2.29)
Ωl,± =
√
ω2n + |∆l,±|2, (2.30)
ǫ(p) =
p2
2m
, (2.31)
d0,± =d0(p,±kz), (2.32)
d± =d(p,±kz), (2.33)
∆ˆ± =
{
id0,±σˆ2 singlet
i(d± · σˆ)σˆ2 triplet
, (2.34)
q± =id± × d∗±, (2.35)
Kˆp(k, z) =
(
eik1z 0
0 eik2z
)
, (2.36)
Ωˆ± =
(
Ω1,± 0
0 Ω2,±
)
, (2.37)
Φˇj =
(
eiϕj σˆ0 0
0 e−iϕj σˆ0
)
, (2.38)
χp(ρ) =
exp(ip · ρ)√
SJ
, (2.39)
4where ϕj for j = L or R is the phase of the superconduc-
tor, p = (kx, ky) and ρ = (x, y). The amplitude of the
pair potential for unitary states is defined by
|∆l,±| = |∆±| =
{
|d0,±| singlet
|d±| triplet
. (2.40)
In unitary states, these amplitudes are independent of l,
where l indicates the spin configuration of a quasiparticle.
The amplitude of the pair potential depends on the spin
configuration of a quasiparticle in nonunitary states,
|∆l,±| =
{√|d±|2 + |q±| (l = 1)√|d±|2 − |q±| (l = 2) . (2.41)
In Eqs. (2.28) and (2.29), k
e(h)
l,± is the wavenumber in
the electron (hole) branch for l-th spin state. In the fol-
lowing, we approximately describe these wavenumbers as
k
e(h)
l,± ≈ kz =
√
2m(µF − ǫ(p)) as shown in Eqs.(2.32)
and (2.33), where (p,±kz) is the wavenumber on the
Fermi surface. The l-th column of(
uˆ
e(h)
±
vˆ
e(h)
±
)
, (2.42)
corresponds to the wavefunction of l-th spin state in the
electron (hole) branch. The reflection coefficients from
the left superconductor to the left superconductor are
defined in a matrix form33
aˆj=1,2 =
(
aj(1, 1) aj(1, 2)
aj(2, 1) aj(2, 2)
)
, (2.43)
bˆj=1,2 =
(
bj(1, 1) bj(1, 2)
bj(2, 1) bj(2, 2)
)
. (2.44)
The ARC from the l-th spin state in the electron (hole)
branch to the l′-th spin state in the hole (electron) branch
is denoted by aˆ1(l
′, l), (aˆ2(l
′, l)). In the same way, bˆ1(l
′, l)
(bˆ2(l
′, l)) is the normal reflection coefficient from the l-
th spin state in the electron (hole) branch to the l′-th
spin state in the electron (hole) branch. These reflection
coefficients depend on p which indicates the propagating
channel at the left NS interface. Substituting Eq. (2.27)
into Eq. (2.19), the Josephson current becomes
J =
ie
2
∑
p
T
∑
ωn
Tr ωn
×
[(
uˆh+
vˆh+
)
aˆ1Ωˆ
−1
+
(
uˆe+
vˆe+
)†
−
(
uˆe−
vˆe−
)
aˆ2Ωˆ
−1
−
(
uˆh−
vˆh−
)†]
. (2.45)
The expression of the Josephson current in Eq. (2.45)34
is an extension of the Furusaki-Tsukada formula33 for
s-wave junctions.
Throughout this paper, we use a representation
(
uˆe±
vˆe±
)
=
 u±σˆ0
v±
∆ˆ†±
|∆±|
 , (2.46)
(
uˆh±
vˆh±
)
=
 v± ∆ˆ±|∆±|
u±σˆ0
 , (2.47)
u± =
√
1
2
(
1 +
Ω±
ωn
)
, (2.48)
v± =
√
1
2
(
1− Ω±
ωn
)
, (2.49)
for unitary states. In unitary states, ∆l,± is independent
of l because of q = 0. For nonunitary states31, we use(
uˆe±
vˆe±
)
=
(
uˆ±
∆ˆ†±vˆ±
)
, (2.50)(
uˆh±
vˆh±
)
=
(
∆ˆ±vˆ
∗
±
uˆ∗±
)
, (2.51)
uˆ± =Q±
2∑
l=1
ul,±Sˆl,±, (2.52)
vˆ± =Q±
2∑
l=1
vl,±
Sˆl,±
|∆l,±| , (2.53)
ul,± =
√
1
2
(
1 +
Ωl,±
ωn
)
, (2.54)
vl,± =
√
1
2
(
1− Ωl,±
ωn
)
, (2.55)
(Q±)
−2 =8|q±|(|q±|+ q3,±), (2.56)
Sˆl,± =Pˆl,± · tˆl, (2.57)
Pˆ1,± =|q±|σˆ0 + q± · σˆ, (2.58)
Pˆ2,± =|q±|σˆ0 − q± · σˆ, (2.59)
tˆ1 =σˆ0 + σˆ3, (2.60)
tˆ2 =σˆ0 − σˆ3. (2.61)
In this paper, we consider four reflection processes to
calculate aˆ1 and aˆ2 as shown in Fig. 2 (a) and neglect all
higher-order terms. This approximation is justified when
the potential barrier at the NS interfaces is large enough
and the transmission probability in the normal segment
is low enough. Thus in the normal segment, insulators or
dirty normal metals are assumed. In order to estimate aˆ1
and aˆ2, we calculate the transmission and the reflection
coefficients at the single NS interface for fixed p as shown
in Appendix A. The ARC’s in Fig. 2 (a) are given by
5aˆ
(1)
1 (p) =
∑
p′
tˆhhSN (p, L) · tˆhp,p′ · rˆheNN (p′, R) · tˆep′,p · tˆeeNS(p, L), (2.62)
aˆ
(2)
1 (p) =
∑
p′
tˆheSN (p, L) · tˆep,p′ · rˆehNN (p′, R) · tˆhp′,p · tˆheNS(p, L), (2.63)
aˆ
(1)
2 (p) =
∑
p′
tˆeeSN (p, L) · tˆep,p · rˆehNN (p′, R) · tˆhp′,p · tˆhhNS(p, L), (2.64)
aˆ
(2)
2 (p) =
∑
p′
tˆehSN (p, L) · tˆhp,p′ · rˆheNN (p′, R) · tˆep′,p · tˆehNS(p, L), (2.65)
where tˆ
e(h)
p′,p is the transmission coefficient of the electronlike (holelike) quasiparticle in the normal conductor, and p
′
indicates the propagating channel at the right NS interface. The transmission coefficients in the normal metal are
described by
tˆep′,p =ivp e
−ik′zLN
∫
dρ
∫
dρ′ GˆN,eωn (ρ′, LN ;ρ, 0)χ∗p′(ρ′)χp(ρ), (2.66)
tˆhp,p′ =ivp′ e
ik′zLN
∫
dρ
∫
dρ′ GˆN,hωn (ρ, 0;ρ′, LN)χ∗p(ρ)χp′(ρ′), (2.67)
where GˆN,e(h)ωn (r, r′) is the Green function of the nor-
mal conductor in the electron (hole) branch37. The ve-
locity of a quasiparicle in the z direction is vp for the
propagating channel with p. We assume that the NS
interface is sufficiently clean so that p and p′ are con-
served while the transmission and the reflection at the
interfaces. In aˆ
(1)
1 in Eq. (2.62), a quasiparticle-wave is
initially incident into the normal segment from the left
superconductor through the channel specified by p. Af-
ter the Andreev reflection at the right NS interface, we
assume that the reflected wave transmits to the left su-
perconductor through the initial channel of p. This is
because a quasiparicle in the normal segment has the
retro property under the time reversal symmetry38. The
two ARC’s in Eq.(2.45) are given by aˆ1 = aˆ
(1)
1 + aˆ
(2)
1 and
aˆ2 = aˆ
(1)
2 + aˆ
(2)
2 .
By using Eqs. (2.45) and (2.62)-(2.65), we can derive
a general expression of the Josephson current
J =ie
∑
p
∑
p′
T
∑
ωn
Tr
× [rˆehNN (p, L) · tˆhp,p′ · rˆheNN (p′, R) · tˆep′,p
− rˆheNN (p, L) · tˆep,p′ · rˆehNN (p′, R) · tˆhp′,p
]
. (2.68)
The reflection processes in Eq. (2.68) are summarized in
Fig. 2 (b). Since the relations
tˆe−p,−p′ =
[
tˆhp,p′
]∗
, (2.69)
tˆh−p′,−p =
[
tˆep′,p
]∗
, (2.70)
rˆehNN (−p, R) =
{
rˆheNN (p, R)
}∗
, (2.71)
rˆheNN (−p, L) =
{
rˆehNN (p, L)
}∗
, (2.72)
are satisfied (see Appendices A and B), the Josephson
current results in
J =− 2e Im
∑
p
∑
p′
T
∑
ωn
Tr
× [rˆehNN (p, L) · tˆhp,p′ · rˆheNN (p′, R) · tˆep′,p] . (2.73)
The formula in Eq. (2.73) can be applied to various
Josephson junctions. For instance, it is possible to cal-
culate the Josephson current in clean SIS junctions by
using a relation tˆ
e(h)
p,p′ ∝ δp,p′ σˆ0. We also note that the
two superconductors are not necessary to be identical to
each other.
III. JOSEPHSON CURRENT FORMULA II
In this section, we show the ARC’s of the superconduc-
tors in spin-singlet, spin-triplet unitary and spin-triplet
nonunitary states because the Josephson current is de-
scribed by the ARC’s at the NS interfaces in Eq. (2.73).
Firstly, we consider the superconductor with the spin-
singlet Copper pairs. The ARC’s are given by
rˆehNN (p, L) =− iΓˆsu(p, L) eiϕL , (3.1)
rˆheNN (p, R) =− iΓˆ†su(p, R) e−iϕR , (3.2)
Γˆsu(p, j) =iΓsu(p, j)σˆ2, (3.3)
Γsu(p, j) =
k¯2zK+d0,−
Ξsu
∣∣∣∣
j
, (3.4)
Ξsu =(H
2 + k¯2z)d0,+d0,− +H
2K+K−, (3.5)
K± =Ω± − |ωn|, (3.6)
k¯z =kz/kF (3.7)
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FIG. 2: Four reflection processes in (a) contribute to the
Josephson current. The Josephson current calculated from
the four reflection processes in (a) is summarized in the re-
flection processes in (b).
where H = mVb/kF represents the strength of the poten-
tial barrier at the NS interface and j = L or R symboli-
cally denote the character of the superconductors such as
symmetries of the pair potential and orientation angles.
Secondly, the ARC’s in spin-triplet unitary states are
given by
rˆehNN (p, L) =− iΓˆtu(p, L) eiϕL , (3.8)
rˆheNN (p, R) =− iΓˆ†tu(p, R) e−iϕR , (3.9)
Γˆtu(p, j) =iΓtu(p, j) · σˆ σˆ2, (3.10)
Γtu(p, j) =k¯
2
zK+
× Ξtud− − (H
2 + k¯2z)(d
∗
+ × d−)× d−
Ξ2tu −Dtu ·Dtu
∣∣∣∣
j
, (3.11)
Ξtu =(H
2 + k¯2z)d
∗
+· d−+H2K+K−, (3.12)
Dtu =− i(H2 + k¯2z)(d∗+ × d−). (3.13)
In unitary states, d± often has a single component. In
such case, one finds
Γtu(p, j) = k¯
2
zK+
d−
Ξtu
∣∣∣∣
j
, (3.14)
because of d∗+ × d− = 0.
Finally we show the ARC’s in nonunitary states,
rˆehNN (p, L) =− iΓˆnu(p, L) eiϕL , (3.15)
rˆehNN (p, R) =− iΓˆ†nu(p, R) e−iϕR , (3.16)
Γˆnu =iΓnu(p, j) · σˆ σˆ2, (3.17)
Γnu(p, j) =k¯
2
z
Dnu
Dnu ·Dnu
∣∣∣∣
j
, (3.18)
Dnu =(H
2 + k¯2z)
{
1
2
∑
l
Dl,+
Kl,+
}
+H2
{
1
2
∑
l
Kl,−Dl,+
|∆l,−|2
}
, (3.19)
D1,± =d
∗
± + i
d
∗
± × q±
|q±|
, (3.20)
D2,± =d
∗
± − i
d∗± × q±
|q±|
, (3.21)
Kl,± =Ωl,± − |ωn|. (3.22)
Detail of the calculation is shown in Appendix A, where
we derive the ARC’s of the superconductors in nonuni-
tary states. We do not show the derivation for unitary
states because it is much simpler than that in nonuni-
tary states. As shown in above equations, the expression
of the ARC’s in nonunitary states is very complicated.
However if a relation
d =d+ = νd−, (3.23)
ν =1 or − 1, (3.24)
is satisfied, the ARC’s can be reduced to a rather simple
expression
rˆehNN (p, L) = −i
{
k¯2z
2|q|
2∑
l=1
Pˆl
Ξnu(l)
}
∆ˆ
∣∣∣∣∣
L
eiϕL , (3.25)
rˆheNN (p, R) = −i∆ˆ†
{
k¯2z
2|q|
2∑
l=1
Pˆl
Ξnu(l)
}∣∣∣∣∣
R
e−iϕR , (3.26)
Ξnu(l) =H
2 {(1− ν)|ωn|+ (1 + ν)Ωl}
+ k¯2z(|ωn|+Ωl). (3.27)
The effects of the ZES’s on the ARC’s can be easily con-
firmed in Eqs. (3.5), (3.12) and (3.27). For instance in
Eq. (3.27), we find in the limit of H >> 1 and ωn → 0,
Ξnu(l)→
{
2H2|∆l| (ν = 1)
k¯2z |∆l| (ν = −1)
. (3.28)
In the absence of the ZES’s (ν = 1), the reflection co-
efficients proportional to 1/H2. On the other hand in
the presence of the ZES’s (ν = −1), the reflection coeffi-
cients are independent of the barrier height. In this way,
the low-temperature anomaly of the Josephson current is
described by the ARC’s.
7In the normal metal, the two Green functions in
Eqs. (2.66) and (2.67) satisfy a relation as shown in Ap-
pendix B,
GN,hωn (r′, r) = −σˆ2
[
GˆN,eωn (r, r′)
]†
σˆ2, (3.29)
because of the time reversal symmetry. The transmission
coefficients can be parameterized by
τˆ(p′,p) ≡τ0(p′,p)σˆ0 + τ (p′,p) · σˆ, (3.30)
=
√
vpvp′
∫
dρ
∫
dρ′χ∗p′(ρ
′)χp(ρ)
× GˆN,eωn (ρ′, LN ;ρ, 0). (3.31)
Since the amplitude of the spin-orbit scattering is much
smaller than that of the spin-independent transmission
probability, we assume that
|τ0| ≫ |τ |. (3.32)
The conductance of the normal metal at T = 0 is given
by
GN = lim
ωn→0
e2
h
Tr
∑
p,p′
τˆ (p′,p)τˆ†(p′,p), (3.33)
≃ lim
ωn→0
2e2
h
∑
p,p′
|τ0(p′,p)|2. (3.34)
By using Eq.(3.30), the Josephson current is rewritten
as
J =− 2e Im
∑
p
∑
p′
T
∑
ωn
Tr
× [rˆehNN (p, L) · σˆ2{τ∗0 σˆ0 + τ ∗ · σˆ}σˆ2
· rˆheNN (p′, R) · {τ0σˆ0 + τ · σˆ}
]
. (3.35)
Firstly we consider Josephson junctions where the two
superconductors have the spin-singlet Cooper pairs. The
Josephson current is given by
JSS =4e sinϕT
∑
ωn
∑
p,p′
× Γsu(p′, R)|τ0(p′,p)|2Γsu(p, L), (3.36)
where ϕ = ϕL − ϕR.
Secondly we consider junctions where spin-triplet and
spin-singlet superconductors are on the left and on the
right hand sides, respectively. The Josephson current
results in
JTS =4eT
∑
ωn
∑
p,p′
Im
× [ eiϕΓsu(p′, R)W (p′,p) · Γt(p, L)] , (3.37)
W (p′,p) = (τ∗0 τ + τ0τ
∗ + iτ ∗ × τ ) (p′,p), (3.38)
where Γt represents Γtu in Eq. (3.11) or Γnu in Eq. (3.18).
As shown in Eq. (3.38), the JTS vanishes in the absence
of the spin-orbit scattering in the normal metal29,30,31.
Finally when the two superconductors have spin-triplet
Cooper pairs, the Josephson current is given by
JTT =4eT
∑
ωn
∑
p,p′
Im
× [ eiϕΓt(p, L) · Γ∗t (p′, R)|τ0(p′,p)|2] . (3.39)
The obtained formula in Eqs. (3.36), (3.37) and (3.39)
are essentially the same as those in the previous results31
when the ZES’s are not formed at the NS interfaces.
However in the presence of the ZES’s, the dependence
of the Josephson current on temperatures in our results
is drastically different from that in the previous one’s.
This is because the ARC’s ( Γsu, Γtu and Γnu) describe
the low-temperature anomaly of the Josephson current
in the SNS junctions of anisotropic superconductors.
IV. CONCLUSION
On the basis of the mean-field theory of the supercon-
ductivity, we derive a formula for the Josephson current
between two anisotropic superconductors. The Joseph-
son current is expressed by the Andreev reflection coef-
ficients at the junction interfaces. The contribution of
the zero-energy bound states formed at the NS interfaces
to the Josephson current is taken into account through
these Andreev reflection coefficients. The formula can be
applied to SIS and SNS junctions of the anisotropic su-
perconductors with spin-singlet and spin-triplet Copper
pairs.
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APPENDIX A: TRANSMISSION AND
REFLECTION COEFFICIENTS AT THE NS
INTERFACE
We derive the transmission and the reflection coeffi-
cients at the left NS interface (z = 0), where the super-
conductor is in spin-triplet nonunitary states as shown in
Fig. 3. In what follows, we calculate the coefficients after
the analytic continuation (i.e., E → iωn) for ωn > 0. In
the normal metal, a wavefunction of a quasiparticle can
be described by
8Ψ
N
p (ρ, z) =
[(
αˆ
0ˆ
)
e−ikzz +
(
0ˆ
βˆ
)
eikzz +
(
Aˆ
0ˆ
)
eikzz +
(
0ˆ
Bˆ
)
e−ikzz
]
χp(ρ), (A1)
where αˆ and βˆ (Aˆ and Bˆ ) are the amplitudes of incoming (outgoing) waves in the electron and the hole branches,
respectively. In the same way, a wavefunction in the superconductor is given by
Ψ
S
p(ρ, z) =ΦˇL
[(
uˆ+
∆ˆ†+vˆ+
)
eikzz γˆ +
(
∆ˆ−vˆ
∗
−
uˆ∗−
)
e−ikzz δˆ +
(
uˆ−
∆ˆ†−vˆ−
)
e−ikzzCˆ
+
(
∆ˆ+vˆ
∗
+
uˆ∗+
)
eikzzDˆ
]
χp(ρ), (A2)
where γˆ and δˆ (Cˆ and Dˆ ) are the amplitudes of incoming (outgoing) waves in the electron and the hole branches,
respectively. We note that αˆ, βˆ, γˆ and δˆ have only diagonal elements.
The two wavefunctions satisfy a continuity-condition at the left NS interface,
Ψ
N
p (ρ, 0) =Ψ
S
p(ρ, 0), (A3)
∂
∂z
Ψ
N
p (ρ, z)
∣∣∣∣
z=0
− 2mVbΨNp (ρ, 0) =
∂
∂z
Ψ
S
p(ρ, z)
∣∣∣∣
z=0
. (A4)
From Eqs. (A3) and (A4), we obtain the transmission
and the reflection coefficients
tˆeeSN (p, L) =k¯z κ uˆ
−1
− Zˆ
†
2 ξˆ
†
2,+ e
−iϕL/2, (A5)
tˆehSN (p, L) =k¯zH uˆ
−1
− Zˆ
†
2 e
iϕL/2, (A6)
tˆheSN (p, L) =− k¯z H
(
uˆ∗+
)−1
Zˆ1 e
−iϕL/2, (A7)
tˆhhSN (p, L) =k¯z κ
∗
(
uˆ∗+
)−1
Zˆ1 ξˆ2,− e
iϕL/2, (A8)
rˆehSS(p, L) =− uˆ−1− ∆ˆ− vˆ∗−
− iH
2
ωn
uˆ−1− Zˆ
†
2
(
uˆt−
)−1
Ωˆ−, (A9)
rˆheSS(p, L) =−
(
uˆ∗+
)−1
∆ˆ†+vˆ+
− iH
2
ωn
(
uˆ∗+
)−1
Zˆ1
(
uˆ†−
)−1
Ωˆ+, (A10)
rˆehNN (p, L) =− ik¯2z Zˆ†2 eiϕL , (A11)
rˆheNN (p, L) =− ik¯2z Zˆ1 e−iϕL , (A12)
tˆeeNS(p, L) =
k¯zκ
ωn
Zˆ†2 ξˆ
†
2,+
(
uˆ†+
)−1
Ωˆ+ e
iϕL/2, (A13)
tˆehNS(p, L) =−
k¯zH
ωn
Zˆ†2
(
uˆt−
)−1
Ωˆ− e
iϕL/2, (A14)
tˆheNS(p, L) =
k¯zH
ωn
Zˆ1
(
uˆ†+
)−1
Ωˆ+ e
−iϕL/2 (A15)
tˆhhNS(p, L) =
k¯zκ
∗
ωn
Zˆ1 ξˆ2,−
(
uˆt+
)−1
Ωˆ− e
−i
ϕL
2 , (A16)
rˆheNN (−p, L) =
[
rˆehNN (p, L)
]∗
. (A17)
Here we define
ξˆ1,± =
(
1
2|q±|
2∑
l=1
Kl,±
|∆l,±|2 Pˆl,±
)
∆ˆ±, (A18)
ξˆ2,± =
(
1
2|q±|
2∑
l=1
Pˆl,±
Kl,±
)
∆ˆ±, (A19)
Zˆ1 =
[
H2ξˆ1,+ + |κ|2ξˆ2,−
]−1
, (A20)
Zˆ2 =
[
H2ξˆ1,− + |κ|2ξˆ2,+
]−1
, (A21)
κ =k¯z + iH. (A22)
In the same way, the ARC’s at the right NS interface are
given by
rˆheNN (p, R) =− ik¯2z Zˆ2 e−iϕR , (A23)
rˆehNN (−p, R) =
[
rˆheNN (p, R)
]∗
. (A24)
On the derivation, we use identities,
Sˆ†l,± · Sˆl′,± =
tˆl
2Q2±
δl,l′ , (A25)
Sˆl,± · Sˆ†l′,± =
Pˆl,±
2|q±|Q2±
δl,l′ , (A26)
Pˆl,± · Pˆl′,± =2|q±|Pˆl,± δl,l′ , (A27)
Sˆ†l,± · ∆ˆ± · ∆ˆ†± · Sˆl′,± =
|∆l,±|2
2Q2±
tˆl δl,l′ , (A28)
∆ˆ†± · Sˆl,± · Sˆ†l′,± · ∆ˆ± =
|∆l,±|2
2|q±|Q2±
Pˆ ∗l,± δl,l′ , (A29)
∆ˆ± · Pˆ ∗l,± =Pˆl,± · ∆ˆ±, (A30)
Pˆl,± · ∆ˆ± · ∆ˆ†± =|∆l,±|2Pˆl,±. (A31)
9The ARC’s of superconductors in unitary states can be
calculated in the same way. The derivation of the ARC’s
in unitary states is much simpler than that in nonunitary
states.
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FIG. 3: Amplitudes of incoming and outgoing waves at the
left NS interface.
In addition to the four reflection processes shown in
Fig. 2(a), six reflection processes can be considered for
aˆ1 and aˆ2 as shown in Fig. 4. By using the coefficients
in Eqs. (A5)-(A16), it is possible to show that these six
processes do not contribute to the Josephson current.
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FIG. 4: Reflection processes included in the coefficients aˆ1
and aˆ2. These processes, however, do not contribute to the
Josephson current.
APPENDIX B: TRANSMISSION COEFFICIENTS
IN NORMAL METAL
Since the amplitude of the pair potential in the normal
metal is taken to be zero, the BdG equation in Eq.(2.10)
is decoupled into two equations,
hˆ0(r)uˆλ =uˆλEˆλ (B1)
−hˆ∗0(r)vˆλ =vˆλEˆλ. (B2)
The Green function in the normal metal obeys the equa-
tion,
(iωnσˆ0 − hˆ0(r))GˆN,eωn (r, r′) =δ(r − r′)σˆ0, (B3)
(iωnσˆ0 + hˆ
∗
0(r))GˆN,hωn (r, r′) =δ(r − r′)σˆ0. (B4)
The Green function in the two branch are represented by
GˆN,eωn (r, r′) =
∑
λ
uˆλ(r)
[
iωnσˆ0 − Eˆλ
]−1
uˆ†λ(r
′), (B5)
GˆN,hωn (r, r′) =−
[
GˆN,eωn (r, r′)
]∗
, (B6)
where we use the complex conjugate of Eq. (B1) for the
Green function in the hole branch. By using Eqs.(2.66)
and (2.67), we can show relations
tˆe−p,−p′ =
[
tˆhp,p′
]∗
, (B7)
tˆh−p′,−p =
[
tˆep′,p
]∗
. (B8)
When the time-reversal symmetry holds in the normal
metal, we find
hˆ∗0(r)iσˆ2uˆλ = iσˆ2uˆλEˆλ. (B9)
The Green function in the hole branch is described by
that in the electron branch,
GˆN,hωn (r′, r) = −σˆ2
[
GˆN,eωn (r, r′)
]†
σˆ2. (B10)
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